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Project-Team SPHINX

Creation of the Project-Team: 2016 May 01

Each year, Inria research teams publish an Activity Report presenting their work and results over the reporting
period. These reports follow a common structure, with some optional sections depending on the specific
team. They typically begin by outlining the overall objectives and research programme, including the main
research themes, goals, and methodological approaches. They also describe the application domains targeted
by the team, highlighting the scientific or societal contexts in which their work is situated. The reports
then present the highlights of the year, covering major scientific achievements, software developments,
or teaching contributions. When relevant, they include sections on software, platforms, and open data,
detailing the tools developed and how they are shared. A substantial part is dedicated to new results, where
scientific contributions are described in detail, often with subsections specifying participants and associated
keywords. Finally, the Activity Report addresses funding, contracts, partnerships, and collaborations at
various levels, from industrial agreements to international cooperations. It also covers dissemination and
teaching activities, such as participation in scientific events, outreach, and supervision. The document
concludes with a presentation of scientific production, including major publications and those produced
during the year.
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2 Overall objectives

In this project, we investigate theoretical and numerical mathematical issues concerning heterogeneous
physical systems. The heterogeneities we consider result from the fact that the studied systems involve
subsystems of different physical nature. In this wide class of problems, we study two types of systems:
fluid-structure interaction systems (FSIS) and complex wave systems (CWS). In both situations, one has
to develop specific methods to take the coupling between the subsystems into account.

(FSIS) Fluid-structure interaction systems appear in many applications: medicine (motion of the blood
in veins and arteries), biology (animal locomotion in a fluid, such as swimming fishes or flapping birds but
also locomotion of microorganisms, such as amoebas), civil engineering (design of bridges or any structure
exposed to the wind or the flow of a river), naval architecture (design of boats and submarines, researching
into new propulsion systems for underwater vehicles by imitating the locomotion of aquatic animals). FSIS
can be studied by modeling their motions through Partial Differential Equations (PDE) and/or Ordinary
Differential Equations (ODE), as is classical in fluid mechanics or in solid mechanics. This leads to the study
of difficult nonlinear free boundary problems which have constituted a rich and active domain of research
over the last decades.

(CWS) Complex wave systems are involved in a large number of applications in several areas of science
and engineering: medicine (breast cancer detection, kidney stone destruction, osteoporosis diagnosis, etc.),
telecommunications (in urban or submarine environments, optical fibers, etc.), aeronautics (target detection,
aircraft noise reduction, etc.) and, in the longer term, quantum supercomputers. Direct problems consist
of finding a solution with respect to the parameters of the problem, for instance, the propagation of waves
with respect to the knowledge of the speed of propagation of the medium, most theoretical issues are
now widely understood. However, substantial efforts remain to be undertaken concerning the simulation
of wave propagation in complex media. Such situations include heterogeneous media with strong local
variations of the physical properties (high frequency scattering, multiple scattering media) or quantum
fluids (Bose-Einstein condensates). In the first case for instance, the numerical simulation of such direct
problems is a hard task, as it generally requires solving ill-conditioned possibly indefinite large size problems,
following from space or space-time discretizations of linear or nonlinear evolution PDE set on unbounded
domains. Inverse problems are the converse problem of the direct problems, as they aim to find properties
of the direct problem, for instance, the speed of propagation in a medium, with respect to the solution or
a partial observation of the solution. These problems are often ill-posed and many questions are open at
both the theoretical (identifiability, stability and robustness, etc.) and practical (reconstruction methods,
approximation and convergence analysis, numerical algorithms, etc.) levels.

3 Research program

3.1 Analysis, control, stabilization and optimization of heterogeneous systems

Fluid-Structure Interaction Systems are present in many physical problems and applications. Their study
involves solving several challenging mathematical problems:

* Nonlinearity: One has to deal with a system of nonlinear PDEs such as the Navier-Stokes or the Euler
systems;

¢ Coupling: The corresponding equations couple two systems of different types and the methods
associated with each system need to be suitably combined to successfully solve the full problem;

¢ Coordinates: The equations for the structure are classically written with Lagrangian coordinates
whereas the equations for the fluid are written with Eulerian coordinates;

* Free boundary: The fluid domain is moving and its motion depends on the motion of the structure.
The fluid domain is thus an unknown of the problem and one has to solve a free boundary problem.

In order to control such FSIS, one has first to analyze the corresponding system of PDE. The oldest works
on FSIS go back to the pioneering contributions of Thomson, Tait and Kirchhoff in the 19th century and
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Lamb in the 20th century, who considered simplified models (potential fluid or Stokes system). The first
mathematical studies in the case of a viscous incompressible fluid modeled by the Navier-Stokes system and
arigid body whose dynamics is modeled by Newton’s laws appeared much later and almost all mathematical
results on such FSIS have been obtained since 2000.

The most studied FSIS is the problem modeling a rigid body moving in a viscous incompressible
fluid. The case of deformable structures has also been considered, either for a fluid inside a moving
structure (e.g., blood motion in arteries) or for a moving deformable structure immersed in a fluid (e.g.,
fish locomotion). The obtained coupled FSIS is a complex system and its study raises several difficulties.
The main one comes from the fact that we gather two systems of different nature. Some studies have been
performed for approximations of this system. Without approximations, the only known results were obtained
with very strong assumptions on the regularity of the initial data. Such assumptions are not satisfactory but
seem inherent to this coupling between two systems of different natures. In order to study self-propelled
motions of structures in a fluid, like fish locomotion, one can assume that the deformation of the structure is
prescribed and known, whereas its displacement remains unknown. This permits to start the mathematical
study of a challenging problem: understanding the locomotion mechanism of aquatic animals. This is related
to control or stabilization problems for FSIS.

3.2 Inverse problems for heterogeneous systems

The area of inverse problems covers a large class of theoretical and practical issues which are important in
many applications (see for instance the books of Isakov [66] or Kaltenbacher, Neubauer, and Scherzer [67]).
Roughly speaking, an inverse problem is a problem where one attempts to recover an unknown property of a
given system from its response to an external probing signal. For systems described by evolution PDE, one
can be interested in the reconstruction from partial measurements of the state (initial, final or current), the
inputs (a source term, for instance) or the parameters of the model (a physical coefficient for example). For
stationary or periodic problems (i.e., problems where the time dependency is given), one can be interested in
determining from boundary data a local heterogeneity (shape of an obstacle, value of a physical coefficient
describing the medium, etc.). Such inverse problems are known to be generally ill posed and their study
raises the following questions:

* Uniqueness. The question here is to know whether the measurements uniquely determine the unknown
quantity to be recovered. This theoretical issue is a preliminary step in the study of any inverse problem
and can be a hard task.

 Stability. When uniqueness is ensured, the question of stability, which is closely related to sensitivity,
deserves special attention. Stability estimates provide an upper bound for the parameter error given
some uncertainty on the data. This issue is closely related to the so-called observability inequality in
systems theory.

* Reconstruction. Inverse problems are usually ill-posed, one needs to develop specific reconstruction
algorithms which are robust to noise, disturbances and discretization. A wide class of methods is based
on optimization techniques.

We can split our research in inverse problems into two classes which both appear in FSIS and CWS:

¢ Identification for evolution PDE.

Driven by applications, the identification problem for systems of infinite dimension described by
evolution PDE has seen in the last three decades a fast and significant growth. The unknown to be
recovered can be the (initial/final) state (e.g., state estimation problems [54, 63, 64, 74] for the design
of feedback controllers), an input (for instance source inverse problems [53, 58, 62]) or a parameter of
the system. These problems are generally ill-posed and many regularization approaches have been
developed. Among the different methods used for identification, let us mention optimization techniques
[61], specific one-dimensional techniques (like in [55]) or observer-based methods as in [70].

In the last few years, we have developed observers to solve initial data inverse problems for a class
of linear systems of infinite dimension. Let us recall that observers, or Luenberger observers [69],
have been introduced in automatic control theory to estimate the state of a dynamical system of finite
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dimension from the knowledge of an output (for more references, see for instance [72] or [75]). Using
observers, we have proposed in [73, 65] an iterative algorithm to reconstruct initial data from partial
measurements for some evolution equations. We are deepening our activities in this direction by
considering more general operators or more general sources and the reconstruction of coefficients for
the wave equation. In connection with this problem, we study the stability in the determination of
these coefficients. To achieve this, we use geometrical optics, which is a classical albeit powerful tool
to obtain quantitative stability estimates on some inverse problems with a geometrical background, see
for instance [57, 56].

¢ Geometric inverse problems.

We investigate some geometric inverse problems that appear naturally in many applications, like
medical imaging and non-destructive testing. A typical problem we have in mind is the following:
given a domain Q containing an (unknown) local heterogeneity w, we consider the boundary value
problem of the form

Lu=0 (Q\ w), u=f (0Q), Bu=0 (Ow)

where L is a given partial differential operator describing the physical phenomenon under consideration
(typically a second order differential operator), B the (possibly unknown) operator describing the
behaviour at the boundaries of the heterogeneity and f the exterior source used to probe the medium.
The question is then to recover the shape of w and/or the boundary operator B from some measurements
on the outer boundary Q. This setting includes in particular inverse scattering problems in acoustics
and electromagnetics (in this case Q is the whole space and the data are far field measurements) and the
inverse problem of detecting solids moving in a fluid. It also includes, with slight modifications, more
general situations of incomplete data (i.e., measurements on part of the outer boundary) or penetrable
inhomogeneities. Our approach to tackle this type of problems is based on the derivation of a series
expansion of the input-to-output map of the problem (typically the Dirichlet-to-Neumann map of the
problem for the Calder6n problem) in terms of the size of the obstacle.

3.3 Numerical analysis and simulation of heterogeneous systems

Within the team, we have developed in the last few years numerical codes for the simulation of FSIS. We plan
to continue our efforts in this direction. Our main objective is to improve our numerical codes in order to
improve their efficiency. At the moment,these codes are developed mainly for the scientific community and
essentially to solve academic problems. Below, we explain in detail the corresponding scientific program.

In order to simulate fluid-structure systems, it is necessary to account for the moving fluid domain and
the strong coupling between the structures. To overcome this free boundary problem, three main families of
methods are usually applied to numerically compute in an efficient way the solutions of the fluid-structure
interaction systems. The first method consists in suitably displacing the mesh of the fluid domain in order
to follow the displacement and the deformation of the structure. A classical method based on this idea is
the A.L.E. (Arbitrary Lagrangian Eulerian) method: with such a procedure, it is possible to keep a good
precision at the interface between the fluid and the structure. However, such methods are difficult to apply for
large displacements (typically the motion of rigid bodies). The second family of methods consists in using a
fixed mesh for both the fluid and the structure and to simultaneously compute the velocity field of the fluid
with the displacement velocity of the structure. The presence of the structure is taken into account through
the numerical scheme. Finally, the third class of methods consists in transforming the set of PDEs governing
the flow into a system of integral equations set on the boundary of the immersed structure. The members of
SPHINX have already worked on these three families of numerical methods for FSIS systems with rigid
bodies.

4 Application domains

4.1 Robotic swimmers

Some companies aim at building biomimetic robots that can swim in an aquarium, as toys but also for medical
purposes. An objective of SPHINX is to model and to analyze several models of these robotic swimmers.
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For the moment, we focus on the motion of a nanorobot. In that case, the size of the swimmers leads us
to neglect the inertia forces and to consider only the viscosity effects. Such nanorobots could be used for
medical purposes to deliver some medicine or perform small surgical operations. In order to get a better
understanding of such robotic swimmers, we have obtained control results via shape changes and we have
developed simulation tools (see [59, 60, 71, 68]). Among all the important issues, we aim to consider the
following ones:

* Solve the control problem by limiting the set of admissible deformations.

* Find the “best” location of the actuators, in the sense of being the closest to the exact optimal control.
The main tools for this investigation are the 3D codes that we have developed for simulating the fish in a
viscous incompressible fluid (SUSHI3D) or in an inviscid incompressible fluid (SOLEIL).

4.2 Modelization of the lung

Various models exist for the human lung and its functioning. A common approach involves structuring the
respiratory system into multiple levels (5 levels), each modeled using complex partial differential equations
(PDEs). An alternative approach is to develop simpler models using ordinary differential equations (ODEs)
that account for the entire bronchial tree.

Our goal is to study and enhance these models through optimal control methods. The idea is to consider
specific aspects of the system (e.g., diaphragm force, position, or velocity) and to optimize a cost function,
such as maximizing oxygen exchange in the bronchial cells (alveoli) in order to improve the models.

5 Highlights of the year
5.1 Awards

* Yannick Privat was awarded the "Perseverance in Action" prize by the Fondation Mines Nancy, in
recognition of his commitment to students of the GIMA Department.

¢ During 2025, Yannick Privat was a Junior Member of the Institut Universitaire de France (IUF).

6 Latest software developments, platforms, open data

6.1 Latest software developments
6.1.1 GeSONN

Name: GEometric Shape Optimization with Neural Networks
Keywords: Shape optimization, Neural networks

Functional Description: We use variational neural networks to approximate the solution of Poisson’s
equation on a given bounded domain, and represent the shape by a neural network that approximates
a volume-preserving transformation of the initial shape to an optimal shape. These processes are
combined into a single optimization algorithm that minimizes the Dirichlet energy.

URL: https://github.com/belieresfrendo/GeSONN

Contact: Amaury Bélieres Frendo

7 New results

7.1 Modeling and analysis
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Participants: Alessandro Duca, Julien Lequeurre, Hugo Parada, Yannick Privat,
Karim Ramdani, Jean-Frangois Scheid, Takéo Takahashi.

Negative materials

Negative materials are artificially structured composite materials (also known as metamaterials), whose
dielectric permittivity and magnetic permeability are simultaneously negative in some frequency ranges.
K. Ramdani continued his collaboration with R. Bunoiu on the homogenization of composite materials
involving both positive and negative materials. Due to the sign-changing coefficients in the equations,
classical homogenization theory fails, since it is based on uniform energy estimates which are known only for
positive (more precisely constant sign) coefficients.

In [10], we study composite assemblages of dielectrics and metamaterials with respectively positive
and negative material parameters. In the continuum case, for a scalar equation, such media may exhibit
so-called plasmonic resonances for certain values of the (negative) conductivity in the metamaterial. This
work investigates such resonances, and the associated eigenfunctions, in the case of composite conducting
networks. Unlike the continuous media, we show a surprising specific dependence on the geometry of
the network of the resonant values. We also study how the problem is affected by the choice of boundary
conditions on the external nodes of the structure.

Fluid and fluid-structure interaction systems

In [49], we study the motion of a rigid body in a viscous, compressible fluid filling the exterior of the
domain of the solid. The rigid body follows the Newton laws and the fluid is modeled by the Navier-Stokes
system. Using a suitable L, — L, approach, we analyze the corresponding coupled system and establish the
existence and uniqueness of strong solutions for small initial data, along with their decay rates. In particular,
we show that the position of the rigid body converges to a fixed position as ¢t — co. To prove our results,
we first apply a modified Lagrangian change of variables to rewrite the system in a fixed spatial domain.
Then, we analyze the corresponding linear system and prove in particular some L, — L, decay estimates by
adopting a methodology due to Kobayashi and Shibata. Finally, following the recent work of Shibata, we
combine these decay estimates with the maximal L, —regularity of the linear system and with a fixed point
argument to obtain both the existence and the decay estimates of solutions for the nonlinear system.

In [41], we consider a dissipative quantum fluid on the whole space R (d > 1) confined by an external
harmonic potential. The dynamics of the quantum fluid is described by the Quantum Navier-Stokes (QNS)
system which is a particular case of the Navier-Stokes-Korteweg systems. The goal of this paper is to prove
the existence of global weak solutions to the QNS system. To this end, we write the evolution equations with
respect to a Gaussian reference measure and follow the general strategy of previous works. Nevertheless,
several substantial modifications have to be done due to our choice of the reference measure.

The paper [32] investigates a boundary-value problem for the Korteweg-de Vries (KdV) equation on
a star-graph structure. We develop a unified framework introducing the notion of s—compatibility, which
generalizes classical compatibility conditions to star-shaped and more complex graph configurations, inspired
by the works of Bona, Sun, and Zhang. By combining analytical techniques with a fixed-point argument,
we establish sharp global well-posedness for both the linear and nonlinear problems at the H® level. In this
setting, our results extend the classical analysis for a single KdV equation to star-shaped graphs composed of
N equations. These results provide the first comprehensive well-posedness theory for KdV equations with
coupled boundary conditions on graphs. Although control issues are not treated in this article, the analytic
results obtained here address several open problems, which will be addressed in the future.

In [27], we consider the system modeling the motion of a rigid body into a viscous incompressible fluid.
Such a system couples the Navier-Stokes system for the fluid with the Newton laws for the rigid body and has
a free boundary due to the motion of the rigid body. We work here in the case where the fluid domain and the
structure domain are confined into a bounded domain. We show in this article that a weak solution for this
system such that the fluid velocity satisfies a Prodi-Serrin condition is smooth in time and space. As for the
proof in the case of the standard Navier-Stokes system, here we consider a particular linearization of our
system around our weak solution. The corresponding linear system written in a moving spatial domain is
then studied with the help of the Prodi-Serrin condition and to show some uniqueness result that allows us
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to identify the solutions of the linear system and of the nonlinear system, we also study the adjoint of this
system.

Magnetic systems

In [24], we investigate a real 3D stationary flow characterized by chaotic advection generated by a
magnetic field created by permanent magnets acting on a weakly conductive fluid subjected to a weak constant
current. The model under consideration involves the Stokes equations for viscous incompressible fluid at low
Reynolds number in which the density forces correspond to the Lorentz force generated by the magnetic field
of the magnets and the electric current through the fluid. An innovative numerical approach based on a mixed
finite element method has been developed and implemented for computing the flow velocity fields with the
electromagnetic force. This ensures highly accurate numerical results, allowing a detailed analysis of the
chaotic behavior of fluid trajectories through the computations of associated Poincaré sections and Lyapunov
exponents. Subsequently, an examination of mixing efficiency is conducted, employing computations of
contamination and homogeneity rates, as well as mixing time. The obtained results underscore the relevance
of the modeling and computational tools employed, as well as the design of the magnetohydrodynamic device
used.

In [39], we study from a mathematical point of view the nanoparticle model of a magnetic colloid,
presented by G. Klughertz. Our objective is to obtain properties of stable stationary structures that arise in
the long-time limit for the magnetic nanoparticles dynamics following this model. In this article, we present
a detailed study of two specific structures using techniques from the calculus of variations. The first, called
the spear, consists of a chain of aligned particles interacting via a Lennard-Jones potential. We establish
existence and uniqueness results, derive bounds on the distances between neighboring particles, and provide
a sharp asymptotic description as the number of particles tends to infinity. The second structure, the ring,
features particles uniformly distributed along a circle. We prove its existence and uniqueness and derive an
explicit formula for its radius.

In [16], we investigate a simple model of notched ferromagnetic nanowires using tools from calculus
of variations and critical point theory. Specifically, we focus on the case of a single unimodal notch
and establish the existence and uniqueness of the critical point of the energy. This is achieved through
a lifting argument, which reduces the problem to a generalized Sturm-Liouville equation. Uniqueness
is demonstrated via a Mountain-Pass argument, where the assumption of two distinct critical points
leads to a contradiction. Additionally, we show that the solution corresponds to a system of magnetic
spins characterized by a single domain wall localized in the vicinity of the notch. We further analyze
the asymptotic decay of the solution at infinity and explore the symmetric case using rearrangement techniques.

7.2 Control and stabilization

Participants: Rémi Buffe, Alessandro Duca, Hugo Parada, Yannick Privat, Karim Ram-
dani, Takéo Takahashi, Julie Valein, Christophe Zhang.

Controllability

Controlling coupled systems is a complex issue depending on the coupling conditions and the equations
themselves. Our team has a strong expertise to tackle this kind of problems in the context of fluid-structure
interaction systems.

In [15], we consider the controllability of a fluid-structure interaction system, where the fluid is modeled
by the Navier-Stokes system and where the structure is a damped beam located on a part of its boundary. The
motion of the fluid is bi-dimensional whereas the deformation of the structure is one-dimensional and we use
periodic boundary conditions in the horizontal direction. Our result is the local null-controllability of this
free-boundary system by using only one scalar control acting on an arbitrary small part of the fluid domain.
This improves a previous result obtained by the authors where three scalar controls were needed to achieve
the local null-controllability. In order to show the result, we prove the final-state observability of a linear
Stokes-beam interaction system in a cylindrical domain. This is done by using a Fourier decomposition,
proving Carleman inequalities for the corresponding system for the low-frequencies solutions and in the case
where the observation domain is an horizontal strip. Then we conclude this observability result by using a
Lebeau-Robbiano strategy for the heat equation and a uniform exponential decay for the high-frequencies
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solutions. Then, the result on the nonlinear system can be obtained by a change of variables and a fixed-point
argument.

In [37], we consider the local exact controllability to trajectories of the Navier-Stokes system with
distributed controls. Such a property was already obtained in previous works but here we improve the "cost"
of the control by refining the observability inequality associated with the Oseen system. More precisely,
our main result corresponds to a Carleman inequality for the Oseen system with weight functions similar to
the ones for the heat equation. In our proof, we need in particular to estimate precisely a pressure term on
the boundary and this is done by treating differently the low-frequency part and the high-frequency part of
the solutions. For the low-frequency part of the solution, we can obtain a Carleman estimate without any
boundary condition by using standard methods of micro-local analysis whereas the high-frequency part of
the solution can be estimated by using energy inequality of the Stokes system.

In [51], we study the controllability of the Navier-Stokes system with distributed controls. These controls
have a vanishing component and are odd powers of smooth functions. We prove that the corresponding
system is locally null-controllable for any positive time. In order to prove this result, we first prove it for the
Stokes system, extending a previous similar result obtained for the linear heat equation. The method of proof
combines a Carleman estimate with maximal regularity results in L, for the Stokes system and with a duality
argument. The local null-controllability for the Navier-Stokes system is then obtained by using a Schauder
fixed-point argument. We then use this result to prove the local null-controllability for a two-dimensional
Boussinesq type system where the coupling between the fluid system and the heat equation is nonlinear and
where the control acts only on the heat equation.

The aim of the work [40] is to study the controllability of the viscous Burgers equation in the case of
bilinear controls. We consider the problem on the one-dimensional flat torus and on bounded intervals
equipped with Dirichlet or Neumann boundary conditions. The controls depend solely on time and act
through a given family of spatial functions. We first prove the small-time global approximate controllability
of the equation between states of the same sign. This result is ensured by a saturating geometric control
approach with at least three controls that are localized in frequency. Afterward, we show the small-time
global exact controllability to the non-zero constant states of the equation via at least four controls in the
case of the flat torus and Neumann boundary conditions. For this second result, we proceed by studying the
null-controllability of a suitable linearized system. Then, we infer the controllability for the initial bilinear
Burgers equation via fixed-point arguments. Explicit examples of bilinear controls verifying our results are
provided in the work.

In [22], we analyse the small-time reachability properties of a nonlinear parabolic equation, by means
of a bilinear control, posed on a torus of arbitrary dimension d. Under a saturation hypothesis on the
control operators, we show the small-time approximate controllability between states sharing the same sign.
Moreover, in the one-dimensional case d = 1, we combine this property with a local exact controllability
result, and prove the small-time exact controllability of any positive states towards the ground state of the
evolution operator.

The exact controllability of heat-type equations in the presence of bilinear controls has been successfully
studied in recent works, motivated by numerous applications to engineering, neurobiology, chemistry, and life
sciences. Nevertheless, the result has only been achieved for 1-dimensional domains due to the limitations of the
existing techniques. In [36], we consider a fractional heat-type equation as 9,y + (—A)*y + (v (), Q) (¢) =0
with s > 0 and on a domain Q ¢ RY for N € N*. We study the so-called exact controllability to the
eigensolutions of the equations when s > max(%, N —1). The result is implied by the null controllability
of a suitable linearized equation, and the main novelty of the work is the strategy of its proof. First, the
null controllability in a finite-dimensional subspace has to be ensured via the solvability of a suitable
moment problem. Explicit bounds on the control cost with respect to the dimension of the controlled space
are also required. Second, the controllability can be extended to the whole Hilbert space, thanks to the
Lebeau-Robbiano-Miller method, when the control cost does not grow too fast with respect to the dimension
of the finite-dimensional subspace. We firstly develop our techniques in the general case when suitable
hypotheses on the problem are verified. Secondly, we apply our procedure to the bilinear heat equation on
rectangular domains, and we ensure its exact controllability to the eigensolutions.

Analysing reachability associated to a control system is a subtle issue, especially for infinite-dimensional
dynamics, and when controls are subject to bounded constraints. In [46], we develop a computer-assisted
framework for establishing non-reachability in linear parabolic PDEs governed by strongly elliptic operators,
extending recent finite-dimensional techniques introduced in to the PDE setting. The non-reachability of
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a given target is shown to be equivalent to proving that a properly defined dual functional takes negative
values. Our approach combines rigorous numerics with explicit convergence estimates for discretisations
of the adjoint equation, ensuring mathematically certified results with tight error bounds. We demonstrate
the wide applicability of our framework on Laplacian-driven control systems, showcasing its accuracy and
reliability under various types of control constraints.

The Sterile Insect Technique (SIT) is a biological control method used to reduce or eliminate pest
populations or disease vectors. This technique involves releasing sterilized insects that, upon mating with the
wild population, produce no offspring, leading to a decline or eventual eradication of the target species. In the
work [23], we incorporate a spatial dimension by modeling the pest/vector population as being distributed
across multiple patches, with both wild and released sterile insects migrating between these patches at
predetermined rates. We mainly focus on a two-patch system. This study has two primary objectives: first,
to derive sufficient conditions for achieving the elimination of the wild population through SIT, whether
releases occur in one patch or in both patches. In particular, we provide an estimate of the minimal release
rates to reach elimination thanks to the diffusion rates between patches. This is the first time that such a
result is given in a general manner. Second, we study an optimal SIT control strategy, where we minimize
the total amount of sterile insects to release, and show that, within one patch, it can successfully reduce the
wild population in that patch to a desired level within a finite time frame, provided that the migration rates
between patches are sufficiently low. Numerical simulations are employed to illustrate these results and
further analyze the outcomes.

The work [26] studies a basic safety question in control: can we prove that a constrained linear system
will never reach a given unsafe region at a prescribed final time? Rather than computing the whole reachable
set, the authors introduce a geometric criterion based on supporting hyperplanes. This transforms the original
control problem into the search for a simple mathematical certificate showing that the unsafe set lies beyond
everything the system can reach. The main contribution of the paper is to make this idea fully rigorous in
practice, even when exact formulas are not available.

In [19], we consider the nonlinear Schrodinger equation (NLS) on a torus of arbitrary dimension. The
equation is studied in presence of an external potential field whose time-dependent amplitude is taken as
control. Assuming that the potential satisfies a saturation property, we show that the NLS equation is
approximately controllable between any pair of eigenstates in arbitrarily small time. The proof is obtained by
developing a multiplicative version of a geometric control approach introduced by Agrachev and Sarychev.
We give an application of this result to the study of the large time behavior of the NLS equation with random
potential. More precisely, we assume that the amplitude of the potential is a random process whose law is
1-periodic in time and non-degenerate. Combining the controllability with a stopping time argument and
the Markov property, we show that the trajectories of the random equation are almost surely unbounded in
regular Sobolev spaces.

In [21], we address the small-time controllability problem for a nonlinear Schrédinger equation (NLS)
on R¥ in the presence of magnetic and electric external fields. We choose a particular framework where
the equation becomes id; = [~A +uq (1) hg + (u(t), P) + k|y|?P ]y Here, the control operators are defined
by the zeroth Hermite function /;(x) and the momentum operator P = iV. In detail, we study when it is
possible to control the dynamics of (NLS) as fast as desired via sufficiently large control signals uy and u.
We first show the existence of a family of quantum states for which this property is verified: this extends to
R™ the validity of a small-time control property recently shown on T¢ by Duca and Nersesyan, and on S? by
Chambrion and Pozzoli. Secondly, by considering some specific states belonging to this family, as a physical
consequence we show the capability of controlling arbitrary changes of energy in bounded regions of the
quantum system, in time zero. Our results are proved by exploiting the idea that the nonlinear term in (NLS)
is only a perturbation of the linear problem when the time is as small as desired. The core of the proof, then,
is the controllability of the bilinear equation which is tackled by using specific non-commutativity properties
of infinite-dimensional propagators.

In [20], we consider the 1D nonlinear Schrodinger equation with bilinear control. In the case of Neumann
boundary conditions, local exact controllability of this equation near the ground state has been proved by
Beauchard and Laurent. In this paper, we study the case of Dirichlet boundary conditions. To establish
the controllability of the linearised equation, we use a bilinear control acting through four directions: three
Fourier modes and one generic direction. The Fourier modes are appropriately chosen so that they satisfy a
saturation property. These modes allow to control approximately the linearised Schrodinger equation. We
show that the reachable set for the linearised equation is closed. This is achieved by representing the resolving



Project SPHINX 13

operator as a sum of two linear continuous mappings: one is surjective (here the control in generic direction
is used) and the other is compact. A mapping with dense and closed image is surjective, so the linearised
Schrédinger equation is exactly controllable. Then local exact controllability of the nonlinear equation is
derived using the inverse mapping theorem.

The local exact controllability of the one-dimensional bilinear Schrodinger equation with Dirichlet
boundary conditions has been extensively studied in subspaces of H® since the seminal work of K. Beauchard.
In the work [35], our first objective is to revisit this result and establish the controllability in Hé for suitable
discontinuous control potentials. In the second part, we consider the equation in the presence of periodic
boundary conditions and a constant magnetic field. We prove the local exact controllability of periodic
H'—states, thanks to a Zeeman-type effect induced by the magnetic field which decouples the resonant
spectrum. Finally, we discuss open problems and partial results for the Neumann case and the harmonic
oscillator.

The work [38] addresses the controllability of the energy of quantum bounded states through domain
deformations in the two-dimensional framework. We approach the controllability question from a practical
point of view, with the primary goal of providing simple and implementable control processes involving
moving rectangles. We numerically validate the feasibility of our controls and analyze the energy transitions
that occur in quantum states confined within specific deformations. This work presents two possible
approaches for numerically implementing domain deformations. We show that one can either apply a suitable
change of variables to fix the domain, or simulate the deformation using high-intensity confining potentials.

In [33], we introduce a novel concept called the Graph Geometric Control Condition (GGCC). It turns out
to be a simple, geometric rewriting of many of the frameworks in which the controllability of PDEs on graphs
has been studied. We prove that (GGCC) is a necessary and sufficient condition for the exact controllability
of the wave equation on metric graphs with internal controls and Dirichlet boundary conditions. We then
investigate the internal exact controllability of the wave equation with mixed boundary conditions and the
one of the Schrodinger equation, as well as the internal null-controllability of the heat equation. We show
that (GGCC) provides a sufficient condition for the controllability of these equations and we provide explicit
examples proving that (GGCC) is not necessary in these cases.

Stabilization

Stabilization of infinite-dimensional systems governed by PDE:s is a challenging problem. In our team,
we have investigated this issue for different kinds of systems (fluid systems and wave systems) using different
techniques.

In [11], we analyze a system modeling the evolution of an age and spatially structured population (of
Lotka-McKendrick type). We study it by first writing it in an abstract form using several operators. We show
that the semigroup associated with the corresponding system is differentiable. Using this property, we show
how to prove the exponential stabilization with a finite-dimensional feedback control. We consider two types
of controls: one that acts directly on the main equation of evolution and one that acts on the birth equation.
One of the main difficulties in the analysis of this system is that the operators involved in the system can
depend on the age variable. We use in particular a parabolic evolution operator associated with the main
operator of the system. Our stabilization result shows how to extend the framework associated with parabolic
system to the case of differentiable semigroups.

In [44], we analyze the internal and boundary stabilization of the Cahn-Hilliard and Kuramoto-Sivashinsky
equations under saturated feedback control. We conduct our study through the spectral analysis of the
associated linear operator. We identify a finite number of eigenvalues related to the unstable part of the system
and then design a stabilization strategy based on modal decomposition, linear matrix inequalities (LMIs),
and geometric conditions on the saturation function. Local exponential stabilization in H? is established.

The paper [45] studies the rapid stabilization of a multidimensional heat equation in the presence of an
unknown spatially localized disturbance. A novel multivalued feedback control strategy is proposed, which
synthesizes the frequency Lyapunov method with the sign multivalued operator. This methodology connects
Lyapunov-based stability analysis with spectral inequalities, while the inclusion of the sign operator ensures
robustness against the disturbance. The closed-loop system is governed by a differential inclusion, for which
well-posedness is proved via the theory of maximal monotone operators. This approach not only guarantees
exponential stabilization but also circumvents the need for explicit disturbance modeling or estimation.

In [43], we study the rapid stabilization of an unstable wave equation, in which an unknown disturbance
is located at the boundary condition. We address two different boundary conditions: Dirichlet-Dirichlet and
Dirichlet-Neumann. In both cases, we design a feedback law, located at the same place as the unknown
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disturbance, that forces the exponential decay of the energy for any desired decay rate while suppressing the
effects of the unknown disturbance. For the feedback design we employ the backstepping method, Lyapunov
techniques and the sign multivalued operator. The well-posedness of the closed-loop system, which is a
differential inclusion, is shown with the maximal monotone operator theory.

In [50], we show that the energy of classical solutions to the wave equation with hyperbolic boundary
condition (i.e., dynamic Wentzell boundary condition) and damping on the boundary decays like 1/¢. In
fact we allow mixed boundary conditions: a possibly empty, disjoint part of the boundary may be kept at
rest provided that the dynamic part satisfies the geometric control condition. We also prove that this decay
rate is sharp. Our results follow from resolvent estimates, which we establish by studying high-frequency
quasimodes.

7.3 Optimal control and inverse problems

Participants: Benjamin Florentin, Anthony Gerber-Roth, Alexandre Munnier, Yan-
nick Privat, Karim Ramdani, Jean-Francois Scheid, Takéo Takahashi,
Julie Valein, Christophe Zhang.

Optimization problems

The article [30] deals with the existence of hypersurfaces minimizing general shape functionals under
certain geometric constraints. We consider as admissible shapes orientable hypersurfaces satisfying a
so-called reach condition, also known as the uniform ball property, which ensures C*-! regularity of the
hypersurface. In this paper, we revisit and generalise previous results on the subject. We provide a simpler
framework and more concise proofs of some of the results contained in these references and extend them to
a new class of problems involving PDEs. Indeed, by using the signed distance introduced by Delfour and
Zolesio, we avoid the intensive and technical use of local maps, as was the case in the above references.
Our approach, originally developed to solve an existence problem, can be easily extended to costs involving
different mathematical objects associated with the domain, such as solutions of elliptic equations on the
hypersurface.

In [13], an approach based on the use of SympNet is employed to numerically solve shape optimization
problems. This is the first work on the subject, ultimately aiming to consider Al methods for solving PDEs
without using mesh grids in order to address problems that cannot be tackled with classical approaches, such
as shape optimization involving fluid dynamics systems in turbulent regimes.

In [29], we investigate the optimal shapes for the hydrodynamic resistance of a rigid body set in motion
in a Stokes flow. At this low Reynolds number regime, the hydrodynamic drag properties of an object
are encoded in a finite number of parameters contained in the grand resistance tensor. Considering these
parameters as objective functions, we use calculus of variations techniques to derive a general shape derivative
formula, allowing to specify how to deform the body shape to improve the objective value of any given
resistance tensor entry. We then describe a practical algorithm for numerically computing the optimized
shapes and apply it to several examples. Numerical results reveal interesting new geometries for various
criteria and perspectives into optimal hydrodynamic profiles.

The article [14] presents geometric optimal control techniques for analyzing geodesics in time-optimal
Zermelo navigation problems on 2—spheres of revolution. We classify the problem by analyzing the pair
(Fy, g), which represents the current (or wind) and the Riemannian metric. Using the maximum principle,
the dynamics of geodesics are described by a Hamiltonian vector field on the cotangent bundle T * S2.
Our primary motivation is the application to micromagnetism, specifically spin magnetization reversal in
ferromagnetic ellipsoidal samples. This model depends on four parameters and the amplitude of the applied
magnetic field. The problem is formulated as a Zermelo navigation on the 2—sphere, where geodesics are
classified as elliptic, hyperbolic, or abnormal. We demonstrate that the transition set |Fy|, = 1, which
separates weak and strong current domains, is critical for understanding optimality. A key result shows
that abnormal geodesics intersect this set with semi-cubical cusp singularities, a phenomenon we term
the Landau—Lifshitz billiard. The analysis of the transition set’s connected components is complex and
complemented by algebraic geometry and symbolic computations. We further reveal that hyperbolic geodesics
lose optimality at their second intersection with the abnormal arc. Our numerical simulations complement
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this analysis by computing conjugate and cut loci, wavefronts, and accessibility sets, providing new insights
into optimal magnetization switching under bounded control.

In [25], we consider an optimal control problem for the Navier-Stokes system with Tresca boundary
conditions. With such boundary conditions, the weak formulation of the system is a variational inequality.
We approximate this system and the optimal control problem by regularizing the boundary conditions leading
to a variational equality. We show that for the approximate system, there exists an optimal control and we
derive the first optimality condition by using an adjoint system. We also prove that the approximate optimal
controls converge towards an optimal control for the Navier-Stokes system with Tresca boundary conditions.
Finally we show that as the threshold of the Tresca law goes to infinity, the corresponding optimal controls
converge towards an optimal control for the Navier-Stokes system with the Dirichlet boundary condition.

The article [34] explores recent geometric optimal control techniques for the analysis of geodesics in
Zermelo navigation problems on 2-spheres of revolution, focusing on accessibility and optimality properties.
These techniques involve the classification of pairs (Fy, g), where Fy represents the current and g is the
Riemannian metric of revolution on the 2-sphere. By applying the maximum principle, the geodesic dynamics
are described by a Hamiltonian vector field on the cotangent bundle 7*S2, which remains invariant under
positive homothety in the fiber. The primary motivation of this study is to investigate the application of these
techniques to micromagnetism, particularly in the context of spin magnetization reversal. The underlying
model is complex, depending on four parameters as well as the control amplitude of the applied magnetic
field. The analysis is further supported by algebraic geometry and numerical simulations.

Coherent control protocols enabling fast and accurate implementations of logical gates is a key issue
in quantum computing. The work [48] deals with the optimal implementation of quantum gates in a
meansquared sense subject to experimental constraints on the multi-chromatic electromagnetic control pulses.
Our assumptions encapsulate open qudits of arbitrary finite dimension subject to decoherence models in
accordance with the markovian GSK-Linblad formalism. Given a unitary gate we show the existence of a
time-minimal protocol minimizing the error. We derive universal and easily computable a priori lower and
upper bounds on both the minimal time and minimal error. These bounds are not sharp but depend only on
the dimension of the qudit, the experimental constraints, the decoherence time and strength of the coupling
between the qudit and its environment. The wide applicability of these estimates helps in quantifying a
posteriori the distance to optimality of numerically calculated control protocols.

Controlling a damped oscillator is crucial in various technological and scientific fields, such as structural
engineering, aerospace, and noise reduction device design. The article [47] considers a classical underdamped
harmonic oscillator, focusing on its minimal-time control by modulating its time-dependent frequency. The
goal is to connect in minimal time two states with zero kinetic energy but different displacements. We provide
a comprehensive theoretical analysis of this problem, characterizing the set of reachable states and detailing
the structure of the optimal trajectories, which we precisely describe in phase space. These trajectories
correspond to bang-bang controls, and the number of commutations depends on the ratio between the final
and initial states. Our approach is based on combining the Pontryagin principle with a suitable choice of
"energy-angle" variables and a Bellman-like optimality principle.

Inverse problems

The article [31] was written as part of the thesis of Tom Sprunck (Inria, Macaron team), which was
defended in Strasbourg in December 2024. We present an algorithm capable of fully inverting the "shoebox
image source method" (ISM), a room impulse response (RIR) simulator for rectangular rooms. This algorithm
reliably retrieves the 18 input parameters, including the 3D position of the source, the room dimensions, the
translations and orientations of the room, as well as the absorption coefficients of the walls. It is based on
a recent gridless source localization technique, combined with procedures to identify the room axes and
first-order reflections. Simulations show near-exact retrieval of the parameters with a spherical array of 32
microphones and a sampling frequency of 16 kHz.

In the context of a network of vibrating strings, modelled by interconnected linear partial differential
equations, in the work [12], we are interested in the reconstruction of a zeroth order term of each one-
dimensional wave equation involved, using some appropriate external boundary measurements. More
precisely, we are interested in an inverse problem set on a tree shaped network where each edge behaves
according to the wave equation with potential, external nodes have Dirichlet boundary conditions and internal
nodes follow the Kirchoft law. The main goal is the reconstruction of the potential everywhere on the network,
from the Neumann boundary measurements at all but one external vertices. Leveraging from the Lipschitz
stability of this inverse problem, we aim at providing an efficient reconstruction algorithm based on the use
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of a specific global Carleman estimate. The proof of the main tool and of the convergence of the algorithm
are provided; along with a detailed description of the numerical illustrations given at the end of the article.

In the paper [17], we study the heat equation on a tree-shaped network with a piecewise regular diffusion
coefficient. By developing new Carleman estimates, we establish stability results for the identification of the
diffusion coefficient. These stability estimates are derived using either internal measurements or boundary
observations, offering robust insights into the inverse problem for this class of equations.

The article [18] explores a variant of Kac’s famous problem, “Can one hear the shape of a drum?”,
by addressing a geometric inverse problem in acoustics. Our objective is to reconstruct the shape of a
cuboid room using acoustic signals measured by microphones placed within the room. By examining this
straightforward configuration, we aim to understand the relationship between the acoustic signals propagating
in a room and its geometry. This geometric problem can be reduced to locating a finite set of acoustic point
sources, known as image sources. We model this issue as a finite-dimensional optimization problem and
propose a solution algorithm inspired by super-resolution techniques. This involves a convex relaxation of the
finite-dimensional problem to an infinite-dimensional subspace of Radon measures. We provide analytical
insights into this problem and demonstrate the efficiency of the algorithm through multiple numerical
examples.

The Steklov spectrum of a smooth compact Riemannian manifold (M, g) with boundary is the set of
eigenvalues counted with multiplicities of its Dirichlet-to-Neumann map (DN map). The work [42] is devoted
to the Steklov spectral inverse problem of recovering the metric g, up to natural gauge invariance, from
its Steklov spectrum. Positive results are established in dimension n > 3 for conformal metrics under the
assumption that the geodesic flow on the boundary is Anosov with simple length spectrum. The paper
combines wave trace formula techniques with the injectivity of the geodesic X —ray transform for functions
on closed Anosov manifolds. It is shown that knowledge of the Steklov spectrum determines the jet at the
boundary of the underlying Riemannian metric within its conformal class. In this particular context, this
parallels the well-known results of the Calderon problem, where we are given the entire Dirichlet-to-Neumann
map instead. As a simple corollary, assuming real-analyticity of the conformal factor, Steklov isospectral
metrics must coincide. Using similar arguments, we are also able to prove under the same assumption of
hyperbolicity of the geodesic flow on the boundary, that generically any smooth potential g can be recovered
from the Steklov spectrum, in the sense that its jet at the boundary is determined by the spectrum of the
DN map for the Schrédinger operator with potential g. Consequently, in this case, two analytic Steklov
isospectral potentials must be equal.

8 Bilateral contracts and grants with industry

8.1 Bilateral contracts with industry

Participants:  Yannick Privat.

e 2024-2025 : Yannick Privat had a scientific collaboration with W. Khettaf and the start-up Flex-Horizon,
in the framework of an industrial project at Mines Nancy.

9 Partnerships and cooperations

9.1 International research visitors

9.1.1 Visits of international scientists

As part of our ECOS-Sud project with Argentina, we hosted Sebastidn Giusti (Universidad Tecnolégica
Nacional) from June 16 to July 1.

9.1.2 Visits to international teams

Research stays abroad
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Benjamin Florentin

Visited institution: Inverse Problems team of the Department of Mathematics and Statistics at the University
of Jyviskyla.

Country: Finland
Dates: March-April 2025
Context of the visit: Collaboration with Mikko Salo, who leads this research team.

Mobility program/type of mobility: DrEAM fellowship of the University of Lorraine

Takéo Takahashi
Visited institution: Universidad Tecnolégica Nacional de Cordoba
Country: Argentina
Dates: July 23 to August 5, 2025
Context of the visit: Collaboration with Sebastidn Giusti and Augusto Romero.

Mobility program/type of mobility: ECOS Sud

9.2 National initiatives
ANR QuBiCCS

Participants: Rémi Buffe, Alessandro Duca, Hugo Parada, Christophe Zhang.

Title: Quantum Bilinear Control with Continuous Spectrum
Duration: 2024 — 2029

Coordinator: Nabile Boussaid

Partners:

¢ University de Franche-Comté

¢ Inria Research Center at Université de Lorraine

Summary: The project aim is to analyse the properties of the linear and nonlinear Schrodinger equations
and wave equations subject to a bilinear control especially when the drift operator presents continuous
spectrum and even embedded point spectrum. The project will consider four different aspects. First,
we propose to revisit the approximation by linear control problems. Second, we will consider the
controllability by averaging methods in the presence of continuous spectrum exploiting RAGE type
theorems. Third, we want to extend the geometrical methods from finite dimension control theory
to the infinite dimensional case, for example through Lie-Trotter-Kato products. Fourth, we want to
extend to consider the dispersive properties perturbations of Schrodinger operators in order to analyse
the controllability of nonlinear equations.
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ANR STOIQUES

Participants:  Yannick Privat.

Title: Shape and Topology Optimization : Impactful Questions and Emerging Subjects

Duration: 2024 — 2029

Coordinator: Yannick Privat

Partners:

* University Claude Bernard of Lyon

* Université de Pau et des Pays de ’Adour
* Université Grenoble Alpes

* Université Paris 1

e Université de Lorraine

Summary: Our ANR project is dedicated to the investigation of modern problems in shape optimization,

which is currently inspiring multiple challenges. The main objective is to federate the community of
researchers interested in this field, in order to develop new methods and tools for tackling new models
or considering new constraints. We intend to focus our efforts on four main themes: (1) the study of
new models involving nonlinear PDEs and topological constraints on domains; (2) the development of
methods for establishing quantitative geometric inequalities; (3) Taking account of uncertainties in
inverse problems involving shapes; (4) Developing original numerical approaches to avoid the use of
costly meshes. The consortium has been put together in such a way as to emphasize the fundamental,
applicative and numerical aspects, which are totally complementary and interconnected within this
framework

ANR MOSICOF

Participants:  Yannick Privat.

Title: Modeling and Simulation of Complex Ferromagnetic Systems

Duration: 2021 — 2025

Coordinator: Stéphane Labbé

Partners:

» Sorbonne university
* Université de Pau et des Pays de I’Adour

* Université de Strasbourg

Summary: Ferromagnetic materials are increasingly used in microelectronics to design reliable, fast, and

energy-efficient digital data storage devices. The goal of this project is to improve the modeling
and simulation of these devices, taking into account their complex geometries (such as nanowire
networks, curved nanowires, for example) and the multiphysical nature of the phenomena involved:
electromagnetic, mechanical (magnetostriction), and thermal effects. Ultimately, this project will
both optimize these devices to enhance the reliability of storage systems and enable the design of new
devices for controlling magnetization via an electric current or mechanical action.
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Chaire ENACT Recherche & Innovation OPTIMED.

Participants:  Yannick Privat.

Title: Optimal Design of Medical Devices (OPTIMED)
Duration: 48 months

Coordinator: Yannick Privat

Partners:

* Prof. Enrique Zuazua (Universitit Erlangen—Niirnberg)
¢ MFX team (Inria)
* InSimo (real-time numerical simulation company)

Summary: Designing implantable medical devices that must conform to patient-specific anatomy is a major
scientific and technological challenge. OPTIMED aims to accelerate and improve the solution of ill-
posed, slow and computationally expensive shape optimization problems arising in the computer-based
design of deformable and interacting systems. The project develops hybrid methods at the interface
between Al and numerical simulation: (1) hybridization strategies combining deep learning with
classical optimization/control methods (gradient, Newton, fixed-point), including physically-informed
neural networks to seek closed-loop controls without Hamilton—Jacobi equations; (2) differentiable
simulations leveraging automatic differentiation to tackle more complex inverse problems and to train
neural networks that generalize efficient solvers across problem classes; (3) if time allows, collaboration
with industrial partners to manufacture and test optimally designed materials/devices while accounting
for geometric manufacturing constraints (e.g., additive manufacturing). The expected impact is to
reduce the costly trial-and-error design cycle by enabling predictive virtual prototyping and faster
optimization, with applications such as coronary stent design that accounts for stenosis mechanics and
reduces restenosis risk through more optimal vessel-wall pressure.

PERP-ANR PDE-AI

Participants:  Yannick Privat.

Title: Partial Differential Equations for Artificial Intelligence: numerical analysis, optimal control and
optimal transport

Duration: 2023 — 2027
Partners:

* Univesrsité Paris-Dauphine

* Université Paris-Cité

» Sorbonne University

* Universtié de Paris-Saclay

* Université de Toulouse

* Université de Lyon

* Université de Bordeaux

* Université de Cote d’Azur

* CREST (ENSAE/Institut Polytechnique de Paris)
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* Université de Strasbourg.

Summary: The main objective of the PDE-AI project is to support the creation of a group of applied math-
ematicians specializing in machine learning issues and to foster the intersection between mathematical
analysis, optimal control, and optimal transport, leading to new architectures for machine learning
models. Three main themes are being studied: the first focuses on the analysis of learning methods,
the second on new deep architectures (with particular emphasis on specific architectures for numerical
simulation), and the last research angle concentrates on generative methods and diffusion from an
analytical perspective.

Action Exploratoire INRIA MARCQ

Participants:  Yannick Privat.

Title: Méthodes hybrides couplant Apprentissage par Renforcement et méthodes de Contrdle optimal des
EDP pour I’informatique Quantique

Duration: 2023 — 2026
Coordinator: Yannick Privat

Summary: This project pertains to quantum computing: we are interested in the possibility of encoding
a logic gate, such as the Hadamard gate or the "not" gate, using Qudit-type systems with the help
of controls. This represents a promising alternative to conventional approaches that rely on Qubit
systems. These questions are addressed through optimal control problems. The underlying dynamic
model is given by the Lindblad equation. This issue is challenging due to the emergence of a physical
phenomenon called decoherence, which counteracts the control action. We aim to study the influence of
parameters that ensure the effectiveness of the controls, the dependency on the system’s dimension, and
to develop a numerical study based on a combination of traditional fixed-point algorithms and learning
methods adapted to the problem and its potentially large dimension depending on the molecules studied.
The ultimate goal is the experimental implementation of the strategies obtained, in collaboration with
IPCMS.

9.3 Regional initiatives

Project ARTEMIS LUE (Lorraine University)

Participants: Takéo Takahashi.

Title: Integro-Differential Equations to Analyse Forest Dynamics (IDEAForDynamics)
Duration: 2025 — 2026
Coordinator: Julien Sainte-Marie (AgroParisTech, Nancy)

Summary: Forest management is shifting from timber optimization to climate resilience. Current growth
models (ODEs) are too simple; they often ignore soil, climate, and the complexity of mixed forest
stands. The Project IDEAForDynamics aims at developing a new mathematical framework using
integro-differential equations (IDEs). This approach would integrates environmental data and internal
forest structures to help managers adapt to rapid ecological changes.
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10 Dissemination

10.1 Promoting scientific activities
10.1.1 Scientific events: organisation

¢ Rémi Buffe, Julien Lequeurre and Alexandre Munnier co-organized the workshop "Journées Equations
aux Dérivées Partielles de 'IECL" from April 2nd to 4th, 2025.

* Alessandro Duca, Killian Lutz and Yannick Privat organized the workshop: "Quantum Lo : contrdle
quantique en Lorraine" at the Institut Elie Cartan de Lorraine - Nancy the 17th-18th March 2025.

* Alessandro Duca organized the "Groupe de Travail" for the SPHINX team: a bi-weekly workshop
dedicated to presentations and discussions on research topics related to the SPHINX team (control and
stabilization of PDEs and ODEs, optimal control, inverse problems, and optimization).

* Alessandro Duca was the organizer of the "Groupe de Travail" of the research team in PDEs of the
Institute Elie Cartan De Lorraine - Nancy: a bi-weekly workshop dedicated to presentations and
discussions on the research topics of the PDEs team.

* Alessandro Duca was also the co-organizer of the weekly seminar of the research team in PDEs of the
Institute Elie Cartan De Lorraine - Nancy.

* Yannick Privat co-organized the conference “New Trends in the Mathematical and Physical Aspects of
Magnetism” from June 16th to 20th, 2025, in Strasbourg.

* Yannick Privat co-organized the conference ReaDiNet from November 24th to 27th in the VVF Obernai.

* Yannick Privat co-organized the conference "Premiere rencontre autour de la modélisation du poumon"
from October 16th to 17th in Mulhouse.

10.1.2 Journal

Member of the editorial boards

» Karim Ramdani was member of the Scientific council of the Centre Mersenne, a diamond open access
(free of charge for authors and readers) scientific publishing infrastructure.

* Yannick Privat was member of the editorial boards of the following publications: Mathematical
Control and Related Fields, Computational and Applied Mathematics, Numerical Algebra, Control &
Optimization, Journal of Optimization, Theory and Applications, Série AIMS Applied Mathematics
books, and Evolution Equations and Control Theory.

Reviewer - reviewing activities
SPHINX members were reviewers of several scientific journals in control theory and PDEs.
10.1.3 Invited talks

* Mabrouk Ben Jaba was invited to give a talk at the SMAI 2025 conference held in June in Carcans-
Maubuisson.

e Mabrouk Ben Jaba was invited to give a seminar for PhD students at the University of Angers in
February.

* Rémi Buffe was invited to give a seminar for the working group on control on December 12 at the
Institut de Mathématiques de Jussieu-Paris Rive Gauche.

* Alessandro Duca was invited to give a talk at the workshop “Joint IFAC Conference (SSSC)—(TDS)—-(COSY)”,
June-July, Gif-sur-Yvette.


https://www.centre-mersenne.org/en/about/#mersenne-qsn
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Alessandro Duca was invited to give seminars at ENSTA Paris (POEMS team seminar) in November,
and at the University of Rome Tor Vergata in December, Rome (Italy).

Alexander Munnier was invited to give a talk at the closing workshop of the ARC project (of the Free
University of Brussels) "EDP en interaction" held in December at Spa (Belgium).

Alexander Munnier was invited to give a seminar at the Free University of Brussels (Belgium) in May
and at the “Institut Montpelliérain Alexander Grothendieck” in February.

Hugo Parada was invited to give a seminar at the Mathematics Department of the Universidad Técnica
Federico Santa Maria (Santiago, Chile) on December.

Yannick Privat was invited to give a talk at: the plenary session of the SMAI 2025 conference held in
June in Carcans-Maubuisson; a minisymposium of the 16th Viennese Conference on Optimal Control
and Dynamic Games held in July in Vienna (Austria).

Yannick Privat was invited to give a mini-course for the Master’s class "Géométrie et EDP" in January
at the IECL of Nancy.

Takéo Takahashi and Julie Valein were invited to give a talk at the conference "Control of PDE and
related topics", Toulouse, June 30th to July 4th.

Takéo Takahashi was invited to give a seminar at the ENS Paris Sorbonne University in March.

Julie Valein was invited to give a talk at the conferences "Control of PDEs and related topics" held in
June-July at the IMT of Toulouse and "Control of PDEs in Hauts-De-France (2nd edition)" held in
September in Calais.

Julie Valein was invited to give a seminar in Amiens in January.

10.1.4 Research administration

* Alessandro Duca belonged to the committee for the selection of doctoral contracts at the IECL of the

Université de Lorraine.
Yannick Privat was member of the IECL Laboratory Council.

Yannick Privat was a scientific expert appointed by the MESRI to evaluate international cooperation
and mobility programs (PHC, Math AmSud, ECOS, Fulbright, etc.).

Yannick Privat was responsible for the Mathematical Engineering option (30 students) at Ecole des
Mines de Nancy.

Yannick Privat was responsible for the GIMA Department (Industrial Engineering and Applied
Mathematics, 60 students).

Karim Ramdani was the head of the PDE’s team of the Mathematics Department of Université de
Lorraine (IECL, about 35 permanent members) until 15/05/2025.

Julie Valein was a member of the CNU Section 26 since 2023.

Julie Valein was an elected member of the AM2I Scientific Pole Council at the University of Lorraine
since 2022.

Julie Valein was a member of the IECL Gender Equality Committee since 2023.
Julie Valein was the head of the Mathematics Division at Polytech Nancy (2025-2026).

Julie Valein was the academic coordinator for the PIVE ("Projet d’Investissement dans la Vie de
I’Ecole") since 2019.


https://gima.pages.math.cnrs.fr/gima/
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10.2 Teaching - Supervision - Juries - Educational and pedagogical outreach

10.2.1 Supervision

David Dos Santos Ferreira was involved in the PhD supervision of Benjamin Florentin.

Rémi Buffe and Alessandro Duca were supervising the postdoctoral researcher Hugo Parada, who
joined the SPHINX Inria team on October 1st, 2025.

Alessandro Duca was advisor for the "Projet Initiation recherche" of S. Teissier and E. Duval, students
at "Ecole des Mines de Nancy".

Alexandre Munnier and Karim Ramdani were involved in the PhD supervision of Anthony Gerber-Roth,
who defended on June 26th, 2025, and who has been a postdoctoral researcher at the “Laboratoire de
Meécanique et d’Acoustique” (LMA, Marseille) since November 2025.

Yannick Privat and Jean-Francois Scheid were involved in the PhD. supervision of Mabrouk Ben Jaba.

Yannick Privat was involved in the PhD supervision of Killian Lutz, Amaury Bélieres-Frendo, and
Ivan Hasenohr who defended on November.

Yannick Privat was advisor for the "mémoire de M2" de L. Ducongé, students at the University of
Clermont Auvergne.

Yannick Privat was advisor for the "Projet 2A (M1)" of R. Choukroun, student at "Ecole des Mines de
Nancy".

Yannick Privat was advisor for the "Projet de département 3A (M2) " of H. Cocher et Y. Mabrouk,
students at "Ecole des Mines de Nancy".

Yannick Privat was advisor for the "Projet Initiation recherche" of T. Pitois, S. Buton, A. Chenet, and
C. Karrer, students at "Ecole des Mines de Nancy".

10.2.2 Juries

L]

Yannick Privat was a reviewer for PhD theses of:

— Charlotte Milano supervised by Stéphanie Salmon and Stéphanie Lohrengel and defended on
December
— K. Agbo Bidi supervised by Luis Almeida and Jean-Michel Coron, and defended on September

— L. Gohier supervised by Emmanuel Humbert and Kilian Raschel, and defended on July.
Yannick Privat was a member of the juries for the following PhD theses:

— R. Zelada Mancini supervised by Marc Dambrine, Carlos Conca, and Fabien Caubet, and
defended on March

— Noé Blassel supervised by Tony Lelievre and Gabriel Stolz, and defended on December.

Yannick Privat was a member of the juries for the HDR certification of Michel Duprez defended on
November.

Karim Ramdani participated in the committee for the selection of the "MCEF in the 26th section - PDEs,
Applied Mathematics" at the Faculty of Sciences of the University of Lorraine - Nancy.

Karim Ramdani was a member of the PhD jury of Morgane Mathevet supervised by Lorenzo Audibert
et Houssem Haddar (Idefix Inria’s team) defended on October.

Jean-Francois Scheid participated in the committee for the selection of the "MCF in the 26th section -
teaching of mathematics" at the University of the Antilles.
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Takéo Takahashi participated in the committee for the selection of the "MCEF in the 26th section -
PDEs, Applied Mathematics" at the Faculty of Sciences of the University of Lorraine - Nancy.

Takéo Takahashi participated in the committee for the selection of the "PR in the 26th section -
PDEs, conservation laws, control, and connections with numerical analysis" at the Laboratoire de
Mathématique de Besangon.

Takéo Takahashi was a member of the PhD jury of Diego Gajardo supervised by Franck Boyer and
Michel Fournie defended on November.

Julie Valein participated in the committees: for the selection of the "MCEF in the 26th section - PDEs"
at the University of Toulouse; for the selection of the "MCEF in the 26th section - Analysis and partial
differential equations and/or scientific computing" at the University of Polytechnic University of
Hauts-de-France - Valenciennes.

Julie Valein was a member of the PhD jury of Epiphane Loko supervised by Amaury Hayat and
Antoine Chaillet defended on November at the Ecole Nationale des Ponts et Chaussées .

10.2.3 Educational and pedagogical outreach

Except for the researchers of the team (A. Duca, K. Ramdani, and T. Takahashi), SPHINX members have
teaching obligations at “Université de Lorraine” and are teaching at least 192 hours each year. They teach
mathematics at different levels (Licence, Master, Engineering school). Many of them also have pedagogical
responsibilities.

10.3

Popularization

10.3.1 Productions (articles, videos, podcasts, serious games, ...)

11

11.1

(3]

Mabrouk Ben Jaba supervised, together with Yohann Le Floch (Associate Professor at the University
of Strasbourg), several research workshops for Math en Jeans, at middle school and high school levels.

In January, Yannick Privat gave an outreach talk to four final-year high school classes (Terminale S) in
Epinal.

Karim Ramdani gave several talks to review the most recent changes in scientific publishing, especially
concerning the emergence of the dangerous author-pays model of open science. In particular, he was
invited as a plenary speaker to the conference “Open science and research evaluation - Issues and
prospects’” organized by the Academy of Sciences (Paris, November 18th, 2025).

Scientific production

Major publications

L. Bdlilescu, J. San Martin and T. Takahashi. ‘Fluid-structure interaction system with Coulomb’s law’.
In: SIAM Journal on Mathematical Analysis (2017). urL: https://hal.archives-ouvertes. fr
/hal-01386574.

R. Bunoiu, L. Chesnel, K. Ramdani and M. Rihani. ‘Homogenization of Maxwell’s equations and
related scalar problems with sign-changing coefficients’. In: Annales de la Faculté des Sciences de
Toulouse. Mathématiques. (2020). urL: https://hal.inria.fr/hal-02421312.

N. Burq, D. Dos Santos Ferreira and K. Krupchyk. ‘From semiclassical Strichartz estimates to uniform
LP resolvent estimates on compact manifolds’. In: Int. Math. Res. Not. IMRN 16 (2018), pp. 5178-5218.
por: 10.1093/imrn/rnx042. urL: https://doi.org/10.1093/imrn/rnx042.


https://www.academie-sciences.fr/en/open-science-and-research-evaluation-issues-and-prospects
https://www.academie-sciences.fr/en/open-science-and-research-evaluation-issues-and-prospects
https://hal.archives-ouvertes.fr/hal-01386574
https://hal.archives-ouvertes.fr/hal-01386574
https://hal.inria.fr/hal-02421312
https://doi.org/10.1093/imrn/rnx042
https://doi.org/10.1093/imrn/rnx042
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(4]

[5]

[6]

(7]

(8]

[9]

A. Gerber-Roth, A. Munnier and K. Ramdani. ‘A reconstruction method for the inverse gravimetric
problem’. In: SMAI Journal of Computational Mathematics 9 (2023), pp. 197-225. urL: https://in
ria.hal.science/hal-04157036.

0. Glass, A. Munnier and F. Sueur. ‘Point vortex dynamics as zero-radius limit of the motion of a
rigid body in an irrotational fluid’. In: Inventiones Mathematicae 214.1 (2018), pp. 171-287. por:
10.1007/s00222-018-0802-4. urL: https://hal.archives-ouvertes.fr/hal-00950544.

C. Grandmont, M. Hillairet and J. Lequeurre. ‘Existence of local strong solutions to fluid-beam and
fluid-rod interaction systems’. In: Annales de I’Institut Henri Poincaré (C) Non Linear Analysis 36.4
(July 2019), pp. 1105-1149. por: 10.1016/j.anihpc.2018.10.006. UrRL: https://hal.inria
.fr/hal-01567661.

A. Munnier and K. Ramdani. ‘Calderén cavities inverse problem as a shape-from-moments problem’.
In: Quarterly of Applied Mathematics 76 (2018), pp. 407—435. urL: https://hal.inria. fr/hal-
01503425.

K. Ramdani, J. Valein and J.-C. Vivalda. ‘Adaptive observer for age-structured population with
spatial diffusion’. In: North-Western European Journal of Mathematics 4 (2018), pp. 39-58. URL:
https://hal.inria.fr/hal-01469488.

J.-F. Scheid and J. Sokolowski. ‘Shape optimization for a fluid-elasticity system’. In: Pure Appl. Funct.
Anal. 3.1 (2018), pp. 193-217.

11.2 Publications of the year

International journals

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

K. Ammari, A. Duca and E. Bonnetier. ‘Networks of sign-changing metamaterials: existence and
spectral properties’. In: Communications in Mathematical Sciences (1st Aug. 2025). por: 10.48550
/arXiv.2407.06661. urL: https://hal.science/hal-04639514 (cit. on p. 9).

M. Badra and T. Takahashi. ‘Analysis and stabilization of a model of population dynamics with age
structure and diffusion’. In: Discrete and Continuous Dynamical Systems - Series B (2025). por:
10.3934/dcdsb.2025059. urL: https://hal.science/hal-04778018 (cit. on p. 13).

L. Baudouin, M. de Buhan, E. Crépeau and J. Valein. ‘Carleman-Based Reconstruction Algorithm on
a wave Network’. In: Mathematics of Control, Signals, and Systems 37 (Sept. 2025), pp. 621-660. por:
10.1007/s00498-025-00413-z. urL: https://hal.science/hal-04361363 (cit. on p. 15).

A. Bélieres—Frendo, E. Franck, V. Michel-Dansac and Y. Privat. ‘Volume-Preserving Geometric Shape
Optimization of the Dirichlet Energy Using Variational Neural Networks’. In: Neural Networks 184
(Apr. 2025), p. 106957. por: 10.1016/j .neunet.2024.106957. urL: https://hal.science/h
al-04663197 (cit. on p. 14).

B. Bonnard, O. Cots and Y. Privat. “The Zermelo Navigation Problem on the 2-Sphere of Revolution:
An Optimal Control Perspective with Applications to Micromagnetism’. In: Nonlinearity 39.1 (2026),
p- 015006. por: 10.1088/1361-6544/ae2cd9. urL: https://hal.univ-lorraine. fr/hal-05
326962 (cit. on p. 14).

R. Buffe and T. Takahashi. ‘Controllability with one scalar control of a system of interaction between the
Navier-Stokes system and a damped beam equation’. In: Mathematics of Control, Signals, and Systems
(2025). por: 10.1007/s00498-024-00397-2. urL: https://hal.science/hal-04140088
(cit. on p. 10).

R. Céte, C. Courtes, G. Ferriere, L. Godard-Cadillac and Y. Privat. ‘Existence and uniqueness of
domain walls for notched ferromagnetic nanowires’. In: ESAIM: Control, Optimisation and Calculus
of Variations 31 (2025), p. 60. por: 10.1051/cocv/2025051. urL: https://hal.science/hal-
05170804 (cit. on p. 10).

E. Crépeau, L. Rosier and J. Valein. ‘Determination of discontinuous diffusion coefficients for the
heat equation on a tree-shaped network’. In: Inverse Problems 41.7 (24th June 2025), p. 075001. por:
10.1088/1361-6420/ade3£f9. urL: https://hal.science/hal-05464931 (cit. on p. 16).
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(18]

(19]

(20]

(21]

(22]

(23]

[24]

(25]

[26]

(27]

(28]

[29]

(30]

(31]

A. Deleforge, C. Foy, Y. Privat and T. Sprunck. ‘Hearing the Shape of a Cuboid Room Using Sparse
Measure Recovery’. In: Inverse Problems 41.9 (5th Sept. 2025), p. 095002. por: 10.1088/1361-642
0/adffae. urL: https://hal.science/hal-04978916 (cit. on p. 16).

A.Ducaand V. Nersesyan. ‘Bilinear control and growth of Sobolev norms for the nonlinear Schrodinger
equation’. In: Journal of the European Mathematical Society (9th Apr. 2025). por: 10.4171/JEMS/1
420. urL: https://hal.science/hal-03128548 (cit. on p. 12).

A. Duca and V. Nersesyan. ‘Local exact controllability of the 1D nonlinear Schrodinger equation
in the case of Dirichlet boundary conditions’. In: SIAM Journal on Control and Optimization (Feb.
2025). urL: https://hal.science/hal-03579006 (cit. on p. 12).

A. Duca and E. Pozzoli. ‘Small-time controllability for the nonlinear Schrodinger equation on RV
via bilinear electromagnetic fields’. In: SIAM Journal on Control and Optimization (Feb. 2025). por:
10.1137/23M1590305. urL: https://hal.science/hal-04624316 (cit. on p. 12).

A. Duca, E. Pozzoli and C. Urbani. ‘On the small-time bilinear control of a nonlinear heat equation:
global approximate controllability and exact controllability to trajectories’. In: Journal de Math-
ématiques Pures et Appliquées 203 (1st Nov. 2025), p. 103758. por: 10.1016/j .matpur.2025.103
758. UrRL: https://hal.science/hal-04647802 (cit. on p. 11).

Y. Dumont, M. Duprez and Y. Privat. ‘Sterile Insect Technique in a Patch System: Influence of Migration
Rates on Optimal Single-Patch Releases Strategies’. In: Journal of Mathematical Biology 91.6 (30th Oct.
2025),p.71.por: 10.1007/s00285-025-02297-8. urL: https://hal.science/hal-04693417
(cit. on p. 12).

J. Fontchastagner, J.-F. Scheid, J.-R. Angilella and J.-P. Brancher. ‘Chaotic advection in a steady
three-dimensional MHD flow’. In: Physical Review Fluids 10.114101 (3rd Nov. 2025), p. 24. por:
10.1103/6ws1-q767. URL: https://inria.hal.science/hal-04875268 (cit. on p. 10).

C. M. Gariboldi and T. Takahashi. ‘Analysis of an optimal control problem for the Navier-Stokes
system with Tresca boundary conditions’. In: Applied Mathematics and Optimization (2026). URL:
https://hal.science/hal-05003628 (cit. on p. 15).

I. Hasenohr, C. Pouchol, Y. Privat and C. Zhang. ‘Computer-assisted proofs of non-reachability for
finite-dimensional linear control systems’. In: SIAM Journal on Control and Optimization (2025). URL:
https://hal.science/hal-04523794. In press (cit. on p. 12).

D. Maity and T. Takahashi. ‘Regularity of weak solutions of a fluid-rigid body interaction system in a
bounded domain under the Prodi-Serrin condition’. In: Journal of Differential Equations 424 (2025),
pp- 726-759. por: 10.1016/j.jde.2025.01.073. urL: https://hal.science/hal-04599986
(cit. on p. 9).

P. Marchner, H. Bériot, S. Le Bras, X. Antoine and C. Geuzaine. ‘A domain decomposition solver for
large scale time-harmonic flow acoustics problems’. In: SIAM Journal on Scientific Computing 47.2
(6th Mar. 2025), B333-B359. por: 10.1137/23M1607040. urL: https://hal.science/hal-042
54633.

C. Moreau, K. Ishimoto and Y. Privat. ‘Shapes optimising grand resistance tensor entries for a
rigid body in a Stokes flow’. In: Journal of Applied and Numerical Optimization (2025). por:
10.23952/jano.7.2025.3.06. urL: https://hal.science/hal-05287117. In press (cit. on
p- 14).

Y. Privat, R. Robin and M. Sigalotti. ‘Existence of surfaces optimizing geometric and PDE shape
functionals under reach constraint’. In: Interfaces and Free Boundaries : Mathematical Analysis,
Computation and Applications 27.1 (2025), pp. 65-90. por: 10.4171/IFB/523. urL: https://inr
ia.hal.science/hal-03690069 (cit. on p. 14).

T. Sprunck, A. Deleforge, Y. Privat and C. Foy. ‘Fully Reversing the Shoebox Image Source Method:
From Impulse Responses to Room Parameters’. In: IEEE transactions on acoustics, speech, and
signal processing 33 (30th Jan. 2025), pp. 1022—-1033. por: 10.1109/TASLPRO. 2025.3536841.
URL: https://hal.science/hal-04567514 (cit. on p. 15).
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R. de Almeida Capistrano Filho, H. Parada and J. Santos da Silva. A nonhomogeneous boundary-value
problem for the nonlinear KdV equation on star graphs. 17th Dec. 2025. urL: https://hal.scienc
e/hal-05421349 (cit. on p. 9).

K. Ammari, A. Duca, R. Joly and K. Le Balc’h. The Graph Geometric Control Condition. 24th Mar.
2025. urL: https://hal.science/hal-05006921 (cit. on p. 13).

B. Bonnard, O. Cots and Y. Privat. The Zermelo Navigation Problem on the 2-Sphere of Revolution:
An Optimal Control Perspective with Applications to Micromagnetism. 19th Mar. 2025. urL: https:
//hal.science/hal-04996987 (cit. on p. 15).

N. Boussaid and A. Duca. H! local exact controllability of some one-dimensional bilinear Schrédinger
equations. 22nd Apr. 2025. urL: https://hal.science/hal-05042981 (cit. on p. 13).

R. Buffe and A. Duca. Exact controllability to eigensolutions of the fractional heat equation via bilinear
controls on N-dimensional domains. 12th May 2025. urL: https://hal.science/hal-04622031
(cit. onp. 11).

R. Buffe and T. Takahashi. Global Carleman inequalities for the Oseen system. Application to the cost
control in small times. 6th Mar. 2025. urL: https://hal.science/hal-04979716 (cit. on p. 11).

C. Carlos and A. Duca. Energy permutation of quantum modes on a moving rectangular confinement:
practical implementations and numerical evidences. 6th June 2025. urL: https://hal.science/h
al-05101592 (cit. on p. 13).

R. Céte, C. Courtes, G. Ferriere, L. Godard-Cadillac and Y. Privat. The Spear and the Ring: Emergent
Structures in Magnetic Colloidal Suspensions. 2nd Apr. 2025. urL: https://hal.science/hal-0
5016866 (cit. on p. 10).

A. Duca and T. Takahashi. Small-time global controllability of the Burgers equation via bilinear
controls. 22nd Jan. 2025. urL: https://hal.science/hal-04906284 (cit.on p. 11).

J. Faupin, I. Lacroix-Violet and J. Lequeurre. Global weak solutions to the Quantum Navier-Stokes
system in the whole space with a confining external potential. 20th Sept. 2025. urL: https://hal.s
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